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Chow groups of tensor triangulated categories
Sebastian Klein
Abstract
We recall P. Balmer’s definition of tensor triangular Chow group for a tensor triangulated category
K and explore some of its properties. We give a proof that for a suitably nice scheme X it recovers
the usual notion of Chow group from algebraic geometry when we put K = Dperf(X ). Furthermore,
we identify a class of functors for which tensor triangular Chow groups behave functorially and show
that (for suitably nice schemes) proper push-forward and flat pull-back of algebraic cycles can be
interpreted as being induced by the derived inverse and direct image functors between the bounded
derived categories of the involved schemes. We also compute some examples for derived and stable
categories from modular representation theory, where we obtain tensor triangular cycle groups with
torsion coefficients. This illustrates our point of view that tensor triangular cycles are elements of a
certain Grothendieck group, rather than Z-linear combinations of closed subspaces of some topologi-
cal space.
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1 Introduction
A basic topic in algebraic geometry is the study of algebraic cycles on a variety X under the equivalence
relation of rational equivalence. This is usually formalized by the Chow group
CH(X ) =
⊕
p
CHp(X )
where CHp(X ) is the free abelian group on subvarieties Y ⊂ X of codimension p, modulo the subgroup
of cycles rationally equivalent to zero (i.e. those that appear as the divisor of a rational function on a
subvariety of codimension p− 1).
How should one approach the subject from the point of view of the derived category of X? In
[Bal05], it is shown that we can reconstruct X from its derived category of perfect complexes Dperf(X )
considered as a tensor triangulated category. Thus, it should also be possible to reconstruct CH(X ) from
Dperf(X ) “in purely tensor triangular terms”. More precisely one would like to construct for each p ≥ 0
a functor CH∆p (−), that takes a tensor triangulated category K and produces a group CH
∆
p (K ) such
that CH∆p (D
perf(X ))∼= CHp(X ).
In this article we show that such a construction is given by a definition of CH∆p (−) suggested to the
author by P. Balmer in 2011 and now published in [Bal13]. The starting point here is the observation
that when one filters the category Dperf(X ) by codimension of support, the successive subquotients split
as a coproduct of “local categories” (cf. [Bal07]), analogously to what happens when one performs
the same procedure for the abelian category Coh(X ). One continues to define the codimension p cycle
group of Dperf(X ) as the Grothendieck group of the p-th subquotient of the filtration. We then obtain
a definition of the codimension-p Chow group of Dperf(X ) by analogy with Quillen’s coniveau spectral
sequence (see [Qui73, §7]). We prove:
Theorem (3.2.6). Let X be a non-singular, separated scheme of finite type over a field. Endow Dperf(X )
with the opposite of the Krull codimension as a dimension function (cf. Definition 2.2.8). Then for all
p ∈ Z,
CH∆p

Dperf(X )

∼= CH−p(X ) .
Apart from reconstructing the classical Chow groups, the definition of CH∆p (K ) also behaves well
in its own right, when we consider it as an invariant of K . We show that CH∆p (−) is functorial for the
class of exact functors with a relative dimension (see Definition 4.1.1). These are exact (not necessarily
⊗-exact) functors that preserve the filtration that the choice of a dimension function induces on T , up
to a shift by n. We have
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Theorem (4.1.3). Let F : K → L be an exact functor of relative dimension n. Then for all p ∈ Z, F
induces a group homomorphism
CH∆p (F) : CH
∆
p (K )→ CH
∆
p+n(L )
and we prove that the proper push-forward and flat pull-back morphisms on the classical Chow groups
of non-singular varieties can be interpreted as special cases of the above theorem (Theorem 4.3.3 and
Theorem 4.4.2).
After investigating a different notion of rational equivalence in Section 5, we then apply our theory
outside of algebraic geometry and proceed to compute some examples from modular representation the-
ory: for a finite group G and a field k whose characteristic divides |G|, we look at the bounded derived
category Db(kG-mod) and the stable module category kG-stab. Both categories are naturally tensor
triangulated with tensor product ⊗k and we show that they have isomorphic tensor triangular Chow
groups in almost all degrees, which should not come as a big surprise in view of Rickard’s equivalence
(see [Ric89])
kG-stab∼= Db(kG-mod)/Dperf(kG-mod) .
We prove:
Theorem (see Theorem 6.2.7). Consider kG-stab and Db(kG-mod) with the Krull dimension of support as
a dimension function on Spc(kG-stab) and Spc(Db(kG-mod)). Then for all p ≥ 0, there are isomorphisms
CH∆p (kG-stab)
∼= CH∆p+1(D
b(kG-mod)) .
We then continue to compute the associated tensor triangular Chow groups for G = Z/pnZ and
G = Z/2Z×Z/2Z:
Theorem (see Propositions 6.3.2, 6.4.5 and 6.4.7). Let k be a field of characteristic p. For G = Z/pnZ,
we have
(i) CH∆i (kG-stab) = 0 ∀i 6= 0,
(ii) CH∆0 (kG-stab)
∼= Z/pnZ,
and if p = 2 and H = Z/2Z×Z/2Z then
(iii) CH∆i (kH-stab) = 0 ∀i 6= 0,1,
(iv) CH∆0 (kH-stab)
∼= Z/2Z,
(v) CH∆1 (kH-stab)
∼= Z/2Z if k is algebraically closed,
when we endow both kG-stab and kH-stab with the Krull dimension as a dimension function.
In the course of the above computations, we also see that it is possible to obtain cycle groups
with torsion coefficients (see Proposition 6.3.2), which contrasts with the situation in the algebro-
geometric case. This illustrates that we view a general cycle, rather than as a Z-linear combination
of irreducible subspaces of codimension p of the spectrum Spc(K ), as an element of a Grothendieck
group K0(K(p)/K(p−1)). Only in the non-singular algebro-geometric examples does this produce coeffi-
cients in Z, due to the “coincidence” that the Grothendieck group of the bounded derived category of
finite-length modules over a local ring is isomorphic to Z. We finish the representation-theoretic part
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of our story by showing that stable restriction and induction functors fit into the framework of functors
with a relative dimension (see Theorems 6.5.5, 6.5.11).
Acknowledgments: With the exception of some minor changes, the results in this paper are all con-
tained in the author’s Ph.D. thesis, which was written at Utrecht University and jointly supervised by
Paul Balmer and Gunther Cornelissen. The author would like to thank both of them for their support.
The members of the thesis committee and an anonymous referee also pointed out some improvements
and corrections, for which the author is grateful. The author acknowledges the support of the European
Union for the ERC grant No. 257004-HHNcdMir.
2 Definitions and conventions
Let us recall some of the theory that we will use in the following.
2.1 Chow groups in algebraic geometry
We aim at generalizing the study of cycles on an algebraic variety modulo rational equivalence. The
basic setup of this theory is as follows: for an algebraic variety X (by which we shall mean a separated
scheme of finite type over a field) one looks for each p ≥ 0 at the codimension p cycle group Zp(X ), the
free abelian group on subvarieties (= closed integral subschemes) of codimension p in X . One now
introduces an equivalence relation on Zp(X ). Two cycles in Zp(X ) are considered rationally equivalent
if there exists a finite number of subvarieties Yi ⊂ X of codimension p− 1 and elements of the function
fields fi ∈ K(Yi) such that the difference of the two cycles is equal to the sum of the cycles div( fi),
the divisors associated to the functions fi . The divisors div( fi) should be thought of as the sum of the
zeroes of fi minus the sum of the poles of fi , both counted with multiplicities (see [Ful98] for the formal
definition). The cycles rationally equivalent to zero form a subgroup of Zp(X ) and the corresponding
quotient is CHp(X ), the codimension p Chow group of X .
2.2 Tensor triangular geometry
The main objects of study in this article are tensor triangulated categories. We refer the reader to
[Nee01] for the basic theory of triangulated categories.
2.2.1 Definition (see [Bal10b, Definition 3]). A tensor triangulated category is an essentially small
triangulated category K endowed with a compatible symmetric monoidal structure. That is, there is a
bifunctor
⊗ :K ×K →K
and a unit object I, together with associator, unitor and commutator isomorphisms: for all objects
X ,Y, Z in T , we have natural isomorphisms
X ⊗ (Y ⊗ Z) ∼= (X ⊗ Y )⊗ Z , X ⊗ I ∼= X ∼= I⊗ X , X ⊗ Y ∼= Y ⊗ X
that satisfy the coherence conditions of [ML98, Section XI.1] to make T a symmetric monoidal category.
Furthermore, the bifunctor ⊗ is exact in each variable.
2 DEFINITIONS AND CONVENTIONS 5
2.2.2 Remark. As an addition to the axiomatic of Definition 2.2.1, one can ask that the following
coherence condition holds: by the biexactness of⊗, we have natural isomorphisms (ΣX )⊗−∼= Σ(X⊗−)
and −⊗Σ(Y )∼= Σ(−⊗ Y ) for all objects X ,Y ∈ T . These fit into a diagram
(ΣX )⊗ (ΣY )
∼ //
≀

Σ(X ⊗ΣY )
≀

Σ(ΣX ⊗ Y )
∼ // Σ2(X ⊗ Y )
which one requires to commute up to a sign, i.e. the composition of the upper and right isomor-
phisms should equal the composition of the left and lower isomorphisms or its additive inverse (see e.g.
[Bal10b]).
2.2.3 Definition. A triangulated category K is called idempotent complete if all idempotent endomor-
phisms in K split. A full subcategory J ⊂ K is called dense if every object of K is a direct summand
of an object of J .
Recall that we can always embed a (tensor) triangulated category K into its idempotent completion
K ♮ as a dense subcategory. The category K ♮ is idempotent complete and naturally (tensor) triangu-
lated, and the essential image of K in K ♮ is dense (see [BS01] and [Bal05, Remark 3.12]).
The main object one studies in tensor triangular geometry is the spectrum of a tensor triangulated
category, whose construction we briefly describe next.
2.2.4 Definition. Let K be a tensor triangulated category. A thick triangulated subcategory J ⊂K is
called
• ⊗-ideal if K ⊗J ⊂J .
• prime if J is a proper ⊗-ideal (J 6= K ) and A⊗ B ∈ J implies A ∈ J or B ∈ J for all objects
A,B ∈K .
2.2.5 Definition (see [Bal05]). Let K be an essentially small tensor triangulated category. The spec-
trum ofK is the set
Spc(K ) := {P ⊂K :P is a prime ideal}
topologized by the basis of closed sets of the form
supp(A) := {P ∈ Spc(K ) : A /∈ P }
for objects A∈K . The set supp(A) is called the support of A.
Let us give some computations of Spc(K ):
2.2.6 Example (see [Bal05], [BKS07, Theorem 9.5]). Let X be a quasi-compact, quasi-separated scheme,
then X ∼= Spc(Dperf(X )). The homeomorphism is given as follows:
σ : X → Spc(Dperf(X ))
x 7→
¦
A• ∈ Dperf(X )|A•x
∼= 0 in Dperf(OX ,x)
©
⊂ Dperf(X )
Moreover, the support supp(A•) of a complex A• ∈ Dperf(X ) coincides with the support of the total homol-
ogy of A• on X under this isomorphism. The proof of these statements uses Thomason’s classification
result from [Tho97].
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2.2.7 Example (see [Bal05, Corollary 5.10]). Let G be a finite group and k be a field such that char(k)
divides the order of G. Then Spc(kG-stab)∼= VG(k), the projective support variety of k. The variety VG(k)
is defined as Proj(H∗(G, k)), where H∗(G, k) denotes the cohomology ring of G over k. The support
supp(M) of a module M ∈ kG-stab coincides with the cohomological support of M in VG(k) under this
isomorphism. The proof of these statements uses the classification of thick ⊗-ideals in kG-stab from
[BCR97].
The spectrum of a tensor triangulated categoryK gives us the possibility to assign to each object of
K the dimension of its support.
2.2.8 Definition (see [Bal07]). A dimension function on K is a map
dim : Spc(K )→ Z∪ {±∞}
such that the following two conditions hold:
1. If Q ⊂P are prime tensor ideals of K , then dim(Q) ≤ dim(P ).
2. If Q ⊂P and dim(Q) = dim(P ) ∈ Z, then Q = P .
For a subset V ⊂ Spc(K ), we define dim(V ) := sup{dim(P )|P ∈ V }. For every p ∈ Z ∪ {±∞}, we
define the full subcategory
K(p) := {a ∈ K : dim(supp(a))≤ p} .
We denote by Spc(K )p the set of points Q of Spc(K ) such that dim(Q) = p.
2.2.9 Remark. From the properties of supp(−), it follows that K(p) is a thick tensor ideal in K .
2.2.10 Example. The main examples of dimension functions we will consider are the Krull dimension
and the opposite of the Krull co-dimension. For P ∈ Spc(K ), its Krull dimension dimKrull(P ) is the
maximal length n of a chain of irreducible closed subsets
; ( C0 ( C1 ( . . . ( Cn = {P }.
Dually, we define the opposite of the Krull co-dimension
− codimKrull(P )
as follows: if we have a chain of irreducible closed subsets of maximal length
{P }= C0 ( C1 . . . ( Cn = maximal irred. comp. of Spc(K ) containing P
we set
− codimKrull(P ) =−n .
A dimension function determines a filtration ofK . We have a chain of ⊗-ideals
K(−∞) ⊂ · · · ⊂ K(p) ⊂K(p+1) ⊂ · · · ⊂ K(∞) =K .
The sub-quotients of this filtration have a local description as we will see next. First let us introduce
another useful property of tensor triangulated categories.
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2.2.11 Definition (see [Bal10b, Definition 20]). A tensor triangulated categoryK is called rigid if there
is an exact functor D :K op →K and a natural isomorphism HomK (a⊗ b, c) ∼= HomK (b,D(a)⊗ c) for
all objects a, b, c ∈K . The object D(a) is called the dual of a.
2.2.12 Remark. From the natural isomorphism
HomK (a⊗ b, c) ∼= HomK (b,D(a)⊗ c)
of Definition 2.2.11, it follows that a⊗− and D(a)⊗− form an adjoint pair of functors for all objects
a ∈ K .
We now fix a dimension function on a rigid tensor triangulated category K and look at the sub-
quotients of the induced filtration.
2.2.13 Theorem (see [Bal07, Theorem 3.24]). Let K be a rigid tensor triangulated category equipped
with a dimension function dim such that Spc(K ) is a noetherian topological space. Then, for all p ∈ Z,
there is an exact equivalence 
K(p)/K(p−1)
♮
→
∐
P∈Spc(K )
dim(P)=p
Min(KP) .
where KP := (K /P)
♮ and Min(KP) denotes the full triangulated subcategory of objects with support the
unique closed point of Spc(KP).
2.2.14 Remark. The exact equivalence of Theorem 2.2.13 is induced by the functor.
K(p)/K(p−1) →
∐
P ∈Spc(K )
dim(P )=p
Min(K /P )
a 7→ (QP (a))
where QP is the localization functor K →K /P . It is shown in [Bal07] that the image of this functor
is dense, so it induces an equivalence after idempotent completion on both sides.
3 Tensor triangular Chow groups
3.1 The definition
Let us start with a definition of tensor triangular cycle groups and Chow groups right away, following
the ideas from [Bal13].
3.1.1 Definition. Let K be a tensor triangulated category as in Definition 2.2.1, equipped with a
dimension function. For p ∈ Z we define the p-dimensional cycle group of K as
Z∆p (K ) := K0

(K(p)/K(p−1))
♮

,
where K0

(K(p)/K(p−1))
♮

is the Grothendieck group of the Verdier quotient (K(p)/K(p−1))
♮ andK(l) ⊂
K denotes the full triangulated subcategory of objects with dimension of support ≤ l (see Definition
2.2.8), for l = p, p− 1.
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We also need a generalized notion of rational equivalence, which we describe next. Look at the
following diagram of subcategories and sub-quotients of K
K(p)
  I //
Q

K(p+1)
K(p)/K(p−1)
  J // (K(p)/K(p−1))
♮
where I , J denote the obvious embeddings and Q is the Verdier quotient functor. After applying K0 we
get a diagram
K0(K(p))
i //
q

K0(K(p+1))
K0(K(p)/K(p−1))
  j // K0

(K(p)/K(p−1))
♮

= Z∆p (K )
where the lowercase maps are induced by the uppercase functors.
3.1.2 Definition. Let K be a tensor triangulated category as in Definition 2.2.1, equipped with a
dimension function. For p ∈ Z we define the p-dimensional Chow group of K as
CH∆p (K ) := Z
∆
p (K )/ j ◦ q(ker(i)).
3.1.3 Remark. Let us shed some light on the motivation behind Definitions 3.1.1 and 3.1.2. The follow-
ing discussion will be recalled in more detail at the beginning of Section 3.2. If X is an algebraic variety,
then the abelian category Coh(X ) of coherent sheaves on X admits a filtration by Serre subcategories
· · · ⊂ M i ⊂ M i−1 ⊂ · · · ⊂ M0 = Coh(X )
where M i is the full subcategory of Coh(X ) consisting of those coherent sheaves with codimension of
support ≥ i. Using Quillen’s dévissage theorem, one computes that for all s ≥ 0,
K0(M
s/M s+1)∼=
∐
x∈X (s)
K0(k(x))∼=
∐
x∈X (s)
Z= Zs(X ) .
Furthermore, we have maps i : K0(M
s)→ K0(M
s−1) and p : K0(M
s)→ K0(M
s/M s+1) ∼= Zs(X ) induced
by the inclusion and quotient functor, respectively. Quillen proves in [Qui73] that p(ker(i)) (in the
guise of the image of a boundary map of the coninveau spectral sequence) is exactly the subgroup of
cycles rationally equivalent to zero (cf. Theorem 3.2.2), and hence K0(M
s/M s+1)/p(ker(i)) ∼= CHs(X ).
From this point of view, Definitions 3.1.1 and 3.1.2 can be seen as a tensor triangulated analogon of this
description of CHs(X ): we replace Coh(X ) by a tensor triangulated category K and the subcategories
M i by the subcategories K(i), which are also defined using the (co)dimension of support of the objects
of K . Since K0(A ) = K0(D
b(A )) for any abelian category A , one hopes that the tensor triangular
Chow groups of Dperf(X ) recover the usual Chow groups of X as well when Dperf(X ) = Db(Coh(X )), i.e.
when X is non-singular. As we will see in Theorem 3.2.6, this hope is justified.
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3.1.4 Remark. Let us point out another analogy between the tensor triangular cycle groups Z∆p (K )
and the usual cycle groups of an algebraic variety, which also explains the presence of the idempotent
completion in Definition 3.1.1: assume that K is a tensor triangulated category that is rigid, equipped
with a dimension function and such that Spc(K ) is a noetherian topological space. By Theorem 2.2.13
the quotient functors QP :K →K /P for P ∈ Spc(K ) induce an exact equivalence
K(p)/K(p−1)
♮
→
∐
P∈Spc(K )
dim(P)=p
Min(KP) . (1)
The decomposition (1) is in the main reason why we idempotent-complete the Verdier quotientK(p)/K(p−1).
Just as in the theory of algebraic cycles, an element of the p-dimensional tensor triangular cycle group
of K
Z∆p (K ) = K0

(K(p)/K(p−1))
♮

∼=
∐
P∈Spc(K )
dim(P)=p
K0
 
Min(KP

)
can thus be regarded as a sum of p-dimensional (relative to the dimension function) irreducible closed
subsets of Spc(K ) with coefficients in K0
 
Min(KP

).
In the case that K = Dperf(X ) for X a non-singular noetherian scheme, we show next that the
Grothendieck group K0
 
Min(KP

) group is isomorphic to Z. This will allows us to conclude that
Definition 3.1.1 recovers the usual cycle groups of X forK = Dperf(X ) (see Corollary 3.1.9). Let us first
recall the following two well-known auxiliary lemmas.
3.1.5 Lemma. Let R be a commutative local noetherian ring with maximal ideal m and M be a finitely
generated R-module. Then
supp(M) = {m}⇔ length(M)<∞
3.1.6 Lemma. Let R be a commutative local ring with maximal ideal m and denote by R−fl the abelian
category of finite length R-modules. Then the map
R−fl→ Z
M 7→ length(M)
induces an isomoprhism
K0(R−fl)∼= Z .
3.1.7 Theorem. Let K = Dperf(X ) for X a non-singular noetherian scheme. Then
K0
 
Min(KP)
∼= Z
for all P ∈ Spc(K )∼= X (see Example 2.2.6).
Proof. Let ρ denote the isomorphism Spc(Dperf(X ))→ X , inverse to the map σ from Example 2.2.6. By
[Bal07, Section 4.1], the category Min(KP) is equivalent to
Kbfin.lg.(OX ,ρ(P)−free) ,
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the bounded homotopy category of complexes of free OX ,ρ(P)-modules of finite rank with finite length
homology. As OX ,ρ(P) is regular by assumption, every bounded complex of finitely generated OX ,ρ(P)-
modules is quasi-isomorphic to a bounded complex of free OX ,ρ(P)-modules of finite rank. Therefore, if
Dbfin.lg.(OX ,ρ(P)-mod) denotes the bounded derived category of complexes of finitely generated OX ,ρ(P)-
modules with finite length homology, the natural functor
Kbfin.lg.(OX ,ρ(P)−free)→ D
b
fin.lg.(OX ,ρ(P)-mod)
gives rise to an equivalence of categories
Kbfin.lg.(OX ,ρ(P)−free)
∼= Dbfin.lg.(OX ,ρ(P)-mod).
The latter category is in turn equivalent to Db(OX ,ρ(P)−fl), the bounded derived category of finite length
modules over OX ,ρ(P). Indeed, by Lemma 3.1.5, for a finitely generated module M over OX ,ρ(P), having
finite length is the same as being supported on the unique closed point P0 of Spec(OX ,ρ(P)). The result
then follows by [Kel99, Section 1.15, Example b)], where it is shown that for a commutative noetherian
ring R, and A ⊂ R-mod the full abelian subcategory of finitely generated R-modules supported on a
closed subscheme Z of Spec(R), there is an equivalence of categories
Db(A )∼= DbA (R-mod) ,
where the latter expression denotes the full subcategory of Db(R-mod) consisting of complexes with
homology inA .
Summarizing, we have
K0
 
Min(KP

)∼= K0

Db(OX ,ρ(P)−fl)

∼= K0

OX ,ρ(P)−fl

∼= Z (2)
where and the last isomorphism is induced by the length function as in Lemma 3.1.6.
3.1.8 Remark. We can make the isomorphism K0
 
Min(KP)
 ∼= Z from Theorem 3.1.7 explicit if we
identify K0
 
Min(KP

) with Kbfin.lg.(OX ,ρ(P)−free) as in the proof of Theorem 3.1.7. We compose the
isomorphism
K0

Db(OX ,ρ(P)−fl)

→ K0

OX ,ρ(P)−fl

[A•] 7→
∑
i
(−1)i[Hi(A•)]
and the length function as in (2) to obtain the following: if A• is a complex in K
b
fin.lg.(OX ,ρ(P)−free), then
the map is given as
θρ(P) : [A•] 7→
∑
i
(−1)i length(Hi(A•)) .
3.1.9 Corollary. Let X be a non-singular noetherian scheme. Let K = Dperf(X ) be equipped with the
opposite of the Krull codimension as a dimension function (see Example 2.2.10). Then the map
θ−p :=
∐
ρ(P)
dim(ρ(P))=−p
θρ(P)
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with θρ(P) as in Remark 3.1.8 induces an isomorphism
Z∆−p(K )
∼= Zp(X )
for all p ≥ 0.
Proof. Let p ≥ 0. Using Remark 3.1.4 and the isomorphism Spc(K ) ∼= X we have a chain of isomor-
phisms
Z∆−p(K )
∼=
∐
P∈Spc(K )−p
K0
 
Min(KP

)
∼=
∐
ρ(P)∈X (p)
K0

Kbfin.lg.(OX ,ρ(P)−free)

∼=
∐
P∈X (p)
Z
∼= Zp(X ) ,
where the penultimate map is given by θ−p.
3.2 Agreement with algebraic geometry
We want to show now that the tensor triangular Chow groups carry their name for a reason. As we will
see, they are — at least in the non-singular case — not only defined analogously to, but are an honest
generalization of the classical Chow groups from algebraic geometry.
3.2.1 Convention. We now fix some notation for the rest of the section: if not explicitly stated otherwise,
let X denote a separated, non-singular scheme of finite type over a field k, and Dperf(X ) be the derived
category of perfect complexes of OX -modules, which is equivalent to D
b(X ), the bounded derived cat-
egory of coherent sheaves on X . We will also assume that Dperf(X ) is equipped with − codimKrull as a
dimension function.
In order to proceed, we will need some higher algebraic K-theory as developed by Quillen. We recall
the following material from [Qui73, §7]: consider the abelian category Coh(X ) of coherent sheaves
on X . There is a filtration of this category by codimension of support:
· · · ⊂ M i ⊂ M i−1 ⊂ · · · ⊂ M0 = Coh(X )
where M p denotes the subcategory of coherent sheaves whose codimension of support is ≥ p. The
subcategory M p ⊂ M p+1 is a Serre subcategory, i.e. a full subcategory such that if
0→ A→ B→ C → 0
is an exact sequence in M p+1, then A,C are objects of M p if and only if B is one. This property allows
us to define the quotient abelian category M p+1/M p and thus, for every p, there is an exact sequence
of abelian categories
M p+1 ,→ M p ։ M p/M p+1
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which induces a long exact localization sequence of K-groups
· · · // K j(M
p+1)
ipj // K j(M
p)
qpj // K j(M
p/M p+1) EDBC
GF bpj@A
// K j−1(M
p+1)
ipj−1 // K j−1(M
p)
qpj−1 // K j−1(M
p/M p+1) // · · ·
(3)
Combining these long exact sequences for all p, we can form the associated exact couple and obtain the
Quillen coniveau spectral sequence as in [Qui73, §7, Theorem 5.4] with E1-page
Ep,q1 = K−p−q(M
p/M p+1).
We are especially interested in the boundary map
d1 : K1(M
s−1/M s)
bs−11
−→ K0(M
s)
qs0
−→ K0(M
s/M s+1) (4)
of this spectral sequence. Using that
Ki(M
s/M s+1)∼=
∐
x∈X (s)
Ki(k(x)) , (5)
where X (s) denotes the set of points of X whose closure has codimension s in X , Quillen proves the
following:
3.2.2 Theorem (cf. [Qui73, §7, Proposition 5.14]). The image of
d1 : K1(M
s−1/M s)−→ K0(M
s/M s+1)∼=
∐
x∈X (s)
K0(k(x))∼=
∐
x∈X (s)
Z= Zs(X )
is the subgroup of codimension-p cycles rationally equivalent to zero. In other words, there is an isomor-
phism coker(d1) ∼= CH
s(X ).
3.2.3 Remark. The regularity assumption on X is not necessary for Theorem 3.2.2.
In our setting, we work with the triangulated category Dperf(X ) ∼= Db(X ) instead of the abelian
category Coh(X ). Recall that the defining diagram for the tensor triangular Chow groups in this case is
given as follows:
K0(D
b(X )(p))
i //
q

K0(D
b(X )(p+1))
K0(D
b(X )(p)/D
b(X )(p−1)) _
j

K0

(Db(X )(p)/D
b(X )(p−1))
♮

︸ ︷︷ ︸
= Z∆p (K )
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This diagram maps to a similar one involving the related abelian categories:
K0

Db(X )(p)
 i //
q
 **❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
K0

Db(X )(p+1)

((PP
PP
PP
PP
PP
PP
K0

Db(X )(p)/D
b(X )(p−1)

 _
j
 ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
K0
 
M−p

q0

i0 // K0

M−p−1

K0

(Db(X )(p)/D
b(X )(p−1))
♮

︸ ︷︷ ︸
= Z∆p (K )
K0

M−p/M−p+1

(6)
The diagonal homomorphisms are all given by the formula
[C•] 7→
∑
i
(−1)i[H i(C•)] . (7)
We proceed to show that these are actually all isomorphisms, which follows from the fact that there are
exact equivalences
Db(X )(q) ∼= D
b(M−q) (8)
and
Db(X )(q)/D
b(X )(q−1) ∼= D
b(M−q/M−q+1) (9)
for all q ∈ Z. Indeed, the diagonal maps are then just the usual isomorphisms between K0(D
b(A )) and
K0(A ) for some abelian category A . This also proves that j is the identity morphism, as the derived
category of an abelian category is idempotent complete [BS01, Corollary 2.10].
The proof of the equivalences (8) and (9) is a consequence of the following theorem:
3.2.4 Theorem (see [Kel99, Section 1.15]). LetB be an abelian category and A ⊂B a Serre subcate-
gory with quotientB/A . Assume that the following criterion holds: for each exact sequence
0→ A→ B→ C → 0
inB with A∈A , there is a commutative diagram with exact rows
0 // A //
id

B //
f

C //
g

0
0 // A // A′ // A′′ // 0
such that A′,A′′ are objects ofA .
Then, there is an exact equivalence of triangulated categories induced by the inclusion
Db(A )→ DbA (B) ,
